An upper bound on the path number of a digraph  by O'Brien, Richard C
JOURNAL OF COMBINATORIAL THEORY @) 22, 168-174 (1977) 
An Upper Bound on the Path Number of a Digraph 
RICHARD C. O’BRIEN 
Department of Mathematics, Queen’s University, Kingston, Ontario 
Communicated by W. T. Tutte 
Received May 4, 1975 
A proof is presented of the conjecture of Alspach and Pullman that for any 
digraph G on IZ > 4 vertices, the path number of G is at most [n2/4]. 
We call a directed graph with no loops or multiple edges a digraph. If G 
is a digraph, then a family of simple paths such that every arc of G lies on 
precisely one of the paths is said to be a path decomposition of G. The path 
number of G, denoted pn(G), is the minimum number of paths in a path 
decomposition of G. 
In [2] Alspach and Pullman show that for a subgraph G of a tournament 
on n vertices, pn(G) < [n2/4] and that this upper bound is the best possible. 
(For related results on the path numbers of tournaments, see [l].) They then 
conjecture that for any digraph G on n 3 4 vertices, pn(G) < [n”/4]. In this 
paper we present a proof of this conjecture. 
We use the following notation. V(G) denotes the set of vertices of a digraph 
G, and A(G) denotes the set of arcs. An arc from a vertex v to a vertex wis 
denoted by (0, IV), and a digon on the vertices v and w  is denoted by (v, w). 
G/v denotes the digraph obtained from G by removing v and all of its adjacent 
arcs. For any v in V(G), the out-degree of v, denoted ad(v), is the number of 
arcs in A(G) which begin at v, and the in-degree of ZI, denoted id(v), is the 
number of arcs in A(G) which terminate at v. By path we always mean a 
simple path (i.e., free of cycles), and we say that two paths are disjoint if they 
have no arc in common. 
The first lemma is essentially a restatement of [2, Theorem 21. 
LEMMA 1. Suppose G is a digraph, v E V(G) and ad(v) > id(v). Let P’ be 
a path decomposition of G/v. 
(a) If ad(v) = 1 andfor some w E V(G), {v, w} is a digon of G, then P’ 
can be augmented to produce a path decomposition P of G with \ P j < 
I P’ I + 2. 
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(II) Otherwise, P’ can be augmented to produce a path decompasitio~ P 
of G with j P j < 1 P’ / f ad(v). 
PPQOJ: (a) P = P’ w  ((0, w), (w, v)> is a path decomposition of G. 
(Is) Suppose ad(u) = m 3 n = id(v). Let (0, wi), i < i < m, denote 
the outgoing arcs from 0 and (uj , v), 1 < j < yz, denote the incoming arcs 
to 2;. In this case we can assume that the wi’s and q’s are ordered such that if 
i = j, then wi i uj . Hence for 1 < i < YE we can form the paths pi consisting 
of (ui , 5) followed by (u, wJ. For n < i < nz let pi be the arc (u, wi). Then 
P = P’ w  {pi: 1 < i < m} is a path decomposition of G with ; P j < 
/ P’ I + ad(v). 1 
For any path decomposition P of a digraph 6, we define B(P) to be the 
number of vertices of G at which paths in P begin. We have 
bmt4A 2. Suppose that G has order n, and that P is a minimal (i.e., j P ; is 
minimal) path decomposition of G such that LX(P) is maximal over all ~~in~rna~ 
path decompositions of G. Then either 
6) 4p> > km or 
(ii) a(P) < [n/2] and j P j d (cx(P))(Iz - a(P)). 
ProojI Suppose that a(P) < [n/2]. We show that 1 P j < (E(P)>(~ - a(P)). 
Let U be the set of vertices of G at which paths in P begin Partition P into 
two sets: 
P, = (paths in P all of whose vertices are contained in U), 
P, = P N PI . 
Now for any v in U, we define the numbers: 
b(v) = the number of paths p in P2 such that 
the first (in the order induced by p) arc 
of p from U to V(G) - U begins at D, 
t(v) = the number of paths in PI ending at u. 
We claim that for any v in U, b(v) + t(v) < n - a(P). Since we always 
have b(v) < n - U(P) and t(v) < CL(P) - 1, if b(v) < I or if t(v) = 0, 
we have b(v) + t(v) < n - a(P). So we may assume b(v) > Ii and k’(u) > 0. 
Now by the minimality of P and the maximality of a(P), there can exist at 
most one path in P which begins at v and whose initial arc (v, w) has a vertex 
win V(G) - U. Since any other path counted in b(v) must reach v from some 
other vertex in U and since paths ending at v are not counted in b(v), we 
have b(u) < 1 + (LX(P) - 1) - t(v), or b(v) + t(v) < a(P) < n - z(P)* 
582b/zz/24 
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To complete the proof, we note that since 
The next lemma is a construction which allows us to patch. paths and arcs 
together to form new paths in a manner which increases the total number of 
paths by as little as possible. 
LEMMA 3. Let G be a digraph. Suppose v E V(G) and PI, a path decom- 
position of G/v, satisfy the conditions: 
(1) ad(v) = id(v) = [n/2] + Z, where 1 < I < [n/2] - 1. 
(2) There exist (at least) k vertices of G/v, say vl, v2 ,..., vk, where 
1 < k < I, such that 
(i) (v, vi) belongs to A(G) all 1 < i < k, 
(ii) for each vi there exists at least one path in P1 beginning at vi , and 
i 9 then p (iii) for each i, 1 < i < k, ifp is a path in P1 beginning at v, 
passes through every vertex y of G/v such that (y, v) belongs to A(G). 
Then there exists a path decomposition P of G such that 1 P / = 
ad(v) - k. 
Proof. Notice that since 1 < [n/2] - 1 and k < I, we have 
I p1 I + 
(3) There exist (at least) 2k digons in G having v as one of their vertices, 
and since 2k < id(u), there exists at least one other arc (x1 , v) belonging to 
A(G). (Although (x1 , v) may be in a digon, we do not consider it as being in 
the first set of 2k digons.) 
Now suppose that v1 ,..., vlc are ordered such that the first m are vertices 
of digons whose other vertex is v, and the last k - m are not. If m = 0, 
proceed immediately to situation (A), below. 
If m > 0, proceed in steps as follows. At the ith step, 1 < i < m, let pi 
be a path in P1 beginning at vi . Let yi be a vertex of G/v such that (v, yi) 
is a digon in G and yi + y1 ,..., yiml , vl ,..., vI, . Such a yi exists by (3). Now 
consider the path pi and the arcs (vi , v), (v, vi), (yi , v), (v, y,), (xi , v), where 
x1 1s chosen as m (3) with x1 # v1 ,..., v, (this is possible by considering 
v1 ,..., v, as vertices of the first 2k digons), and for i > 1, xi is chosen at step 
i - 1, as described below. The .direction of the path pi orders the vertices 
through which it passes, and we have two possibilities, as noted in Fig. 1: 
either (a) xi precedes yi , or (b) yi precedes xi . In either case we can form 




new disjoint paths pi’ and p:, which have the property that together they 
cover pi as well as two incoming arcs to v and two outgoing arcs from z’. 
Moreover, in case (a) the arc (ui , v) remains uncovered, and in case (b) the 
arc (vi , V) remains uncovered. If case (a) occurs, set xi+1 = vi; if case (b) 
occurs, set xi+1 = yi . 
After proceeding in this manner for m steps, we are left with the following 
situation: 
(A) Replacing each path pi , 1 < i < m, by the two paths pi’ and py II 
we obtain a set of paths B2 from P such that P” / = i P* / + WZ. If 1~ = k, 
proceed to (B) below. Otherwise there remain k - m vertices v,,+% ,..., Q such 
that for M + 1 < i < k, (v, vi) is in A(C), (z:~ , C) is not in A(G), and each 
(v, vi) remains uncovered by P2. Also there remain (at least) 2k - 2m d&x 
uncovered by P2 in G, say (v, z,), 1 < i < 2k - 2m, with zi # oL R...) tic ? 
Yl If..> Ym . And, finally, the number of arcs in G left uncovered by ib” which 
begin at L? equals the number of arcs in G left uncovered by B2 which end at t’: 
and both equal [n/2] + I- 2m. 
We now continue in a slightly different manner. For each i, 1 < i :< k _- in, 
let plnTi be a path in P2 beginning at v,+~ . Consider the digons (0, z,,-,j and 
(v, zzi) and the path pmfi . Again pTn+i orders the vertices through which 
it passes, and in our case we may assume that zzisl precedes .zai . As indicated 
in Fig. 2, we can form new disjoint paths pkii and~,k,~ which together 60ver 
pnz+i as well as two previously uncovered incoming arcs to z, and two previously 
uncovered outgoing arcs from U. 
After performing the above step k - m times, we are left with the following 
situation: 
(B) Replacing each path P,,+~ , 1 < i < k - m, by the two paths p;,+.; 
and PX+~ , we obtain a new set of paths P3 from P2 such that ; P3 = 
I P2 I + (k - m) = ) P1 i $ k. And the number of arcs in G w1hich begin at I’ 
and are left uncovered by P3 is equal to the number of arcs in G which end 
at 17 and are left uncovered by P” and both equal [n/24 +- i - 2k. 
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FIGURE 2 
To complete the proof, let G’ be the digraph obtained from G by deleting 
the arcs which lie on the paths pi’ and pi for 1 < i < k. Now in G’, ad(v) = 
[n/2] + 1 - 2k, and either m > 0, in which case (x~+~ , U) is in A(G’) but 
( Y, x,,,) is not, or else m = 0, in which case (u, q) is in A(G’) but (zl, u) 
is not. In either case we can apply Lemma l(b) to G’ and P3 - (pi’, p;: 
1 < i < k) to get a path decomposition P’ of G’ with j P’ j < (I P3 1 - 2k) + 
[n/2] + I- 2k. Thus putting P = P’ u {pi’, pi: 1 < i < k}, we have a path 
decomposition of G with 1 P [ < / P3 / + [n/2] + 2 - 2k = 1 P1 j + 
ad(v) - k. 0 
We are now ready to prove the main theorem. 
THEOREM. If G is a digraph of order n > 4, then pn(G) < [n2/4]. 
Proof. The proof is by induction on n. 
n = f) BY check ing cases it can be shown that the statement is true for 
(ii) Assume the statement is true for j = 4, 5,..., n - 1. We show that 
it is then true for j = n. 
If G is the complete graph on y1 vertices, then we know pn(G) < y1 + 1 < 
[n2/4] if ~2 > 5 by Lucas’ solution for the probleme de ronde [3]. Hence we may 
assume that G is not a complete graph. Then there exists some vertex v of G 
such that ad(v) 3 id(v) and id(v) < p1 - 2. (If no such o exists, then for all 
z) in V(G) either ad(u) < id(u) or ad(v) = id(v) = y1 - 1. But this implies 
that either CVEV(c) ad(v) < CVEV(c) id(v) or else G is complete, and neither 
of these possibilities can occur.) 
Let P’ be a minimal path decomposition of G/v such that CX(P’) is maximal 
over all minimal path decompositions of G/v. Let r = min{a(P’), [(n - 1)/2]}. 
Case 1. ad(u) < [n/2] + ([(n - 1)/2] - v). 
Then by Lemma 1, there exists a path decomposition P of G such that 
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1 P j < / P’ j + [n/2] + ([(n - 1)/2] - p.). If r = [(n - Q/2], by the in- 
duction hypothesis 
! P I < [(n - 1)2/4] + [n/2] = [nZ/4]. 
If P < [(n - 1)/2], by Lemma 2 applied to G/v 
I PI e r((fi - 1) - r) -I- [4?1 + ([h - I!/21 - r> 
< [(n - 1)2/4] + [n/2] = [n74]. 
So the theorem is established for Case 1. 
Case 2. ad(u) > b/21 + ([(n - 1)/2] - r), but id(~) < [n/2] + 
(b - 1)/21 - r). 
Suppose ad(v) = [n/2] i [(n - 1)/2] - Y + k = (n - I) - r t k, where 
k > 1. Since a(F) 3 r, there exist at least k vertices in G/v, say q ,l.., vlc. 9 
such that 
(a) (ZJ, vi) belongs to A(G) for 1 < i < k, and 
(b) for each i there exists a path pi in P’ which begins at ai . 
Form a new set of paths P” by replacing each pi in P’ by the path consisting 
of (0, vi) followed by pi . Then / P” j = 1 P’ !, and we have absorbed k arcs 
from z~ into paths which already exist. Since there remain [n/2]1 
[(n - I)/21 - Y uncovered outgoing arcs from u and id(a) uncovered incoming 
arcs to v, P” can be augmented by the same method as used in the proof of 
Lemma l(b) to a path decomposition P of G with 1 P I < ; P” / - in/21 1 
([(n - I)/21 - r). Thus as in case 1, P is a path decomposition of G with 
I P I < [n2/4]. 
@me 3. ad(u) = [n/2] + ([(n - 1)/2] - r) + k for some k with I < 
k < r; id(v) = [n/2] f ([(n - 1)/2] - r) $ j for somej with ! < j < k, and 
sinceid <n-2,j<r-1. 
As in case 2, since O(P) > r, there exist at least k vertices in G/c, say 
zjl I...) Q, satisfying conditions (a) and (b) above. For each i with j - 1 -<, 
i < k, let qi be the path consisting of (a, vi) followed by pi . Let G, be the 
digraph obtained from G by deleting the arcs in the paths qi ) and let PO 
be the path decomposition of GO/v obtained by omitting the paths pi from P’ 
forj 7 1 <i<k.ThenlP,j =iP’/-(k-j),andinG,, 
ad(v) = id(v) = [n/2] t ([(n - 1)/2] - r) + j. 
We now proceed in steps as follows. At the ith step, 1 < i < .jy consider 
the paths in Pi, which begin at vi . Either (a) each path in P,-1 beginning 
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at vi passes through each y such that (y, v) belongs to A(G), or else (b) there 
is some pi in Pivl beginning at zli and some yi in V(G,-,) such that (yi , v) 
belongs to A(G,-,) andpi does not pass through yi . If (a) is true, set Pi = Piml 
and Gi = GiVl . If (b) is true, let Pi be Pidl with pi omitted. Form the path 
qi consisting of ( yi , v) followed by (v, vi) followed by pi , and let G, be Giel 
with the arcs in the path qi deleted. Notice that if case (b) occurs, id(v) and 
ad(v) in Gi have each been reduced by 1 as compared to Gi-1. 
If after we have considered all j vertices, vl ,..., vj, case (b) has occurred i 
times in this process, for some 0 < i < j, then we are left with the following 
situation: we have a graph Gj with a distinguished vertex v such that ad(v) = 
id(v) = [n/2] + I, where 1 = ([(n - 1)[2] - r) + (j - i), and we have a 
path decomposition Pj of GJv such that 1 Pj / = 1 PO 1 - i. 
Now if i =j, apply Lemma 1 to Gj to get: pn(G,) < 1 Pj / + [n/2] + 
([(n - 1)/2] - r). If i < j, then the hypotheses of Lemma 3 are satisfied by 
Gj , v, and Pj (with the k of Lemma 3 equal to j - i), and so we can conclude 
thatpn(GJ d If'1 + b+!l + Z- (j- 0 = lPjl + [n/21+ ([(n - 1)/21 -r>. 
In either case, since A(G,) = A(G,) u {arcs contained in the i deleted paths] 
and A(G) = A(G,) u (arcs contained in the paths qi ,j < i < k}, we have that 
pn(C) < pn(GJ + (k - j) 
< pn(Gd + i + (k - j) 
< I Pf I + W21 + (E(n - 1)/21 - r> + i + (k -j> 
=l~~I+~~/~l+~~~~-~1)/~l--r)+~~-~~ 
= I P’ I + WI + ([(n - 1)/21 - r) 
G w41, 
as in case 1. This completes the proof. 1 
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